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Different ensembles of quantum states can have the same average nonpure state. Distinguishing between such
constructions, via different mixing procedures of the same nonpure quantum state, is known to entail signaling.
In parallel, different superpositions of pure quantum states can lead to the same pure state. We show that the
possibility of distinguishing between such preparations, via different interferometric setups leading to the same
pure quantum state, also implies signaling. The implication holds irrespective of whether the distinguishing
procedure is deterministic or probabilistic.
Introduction: The state of a quantum system, if it is not pure,
always has an infinite number of decompositions into ensem-
bles. It is postulated within quantum mechanics that these de-
compositions represent the same physical situation. Indeed, it
is known that if different decompositions of the same mixed
quantum state are distinguishable, it will result in instanta-
neous communication of information between two spatially
separated parties, who can in principle be even space-like
separated [1–3]. In general, it has been found that “tweak-
ing” quantum evolutions, i.e., considering non-quantum evo-
lutions, typically result in signaling [2, 4–9]. It is interest-
ing to note that the no-signaling constraint has been used
with success in several areas. In particular, it has been used
to obtain the optimal approximate quantum cloning fidelity
[10, 11], and fidelity for optimal quantum state discrimina-
tion [12]. Also, there has been an important set of works that
considered the security in bit commitment protocols based on
the no-signaling principle [13]. Cryptographic protocols have
also been considered where the eavesdropper is restrained
not by quantum mechanics but by the weaker condition of
no-signaling [14]. It is interesting to note here that the no-
signaling condition has recently been generalized, leading to
interesting consequences [15].
If the quantum state of a physical system is pure, it can
be represented by superpositions over an infinite number of
bases of the corresponding Hilbert space. While different de-
compositions of the same mixed state can be perceived of as
different mixing strategies during the preparation stage of the
mixed state, different superpositions of the same pure state can
be viewed as different interferometric-type setups during the
preparation stage of the pure state. In this paper, we use dif-
ferent representations (superpositions) of the same pure state
to indicate that they have been prepared differently, as shown
in Fig. 1. Notice that these different preparation procedures of
the same state, and an engagement in trying to distinguish be-
tween them is an inverse of the attempt to identify and correct
errors in the same state in quantum error correction protocols
[16]. Error correction codes do exist within the ambit of quan-
tum mechanics.
Here we show that a possibility of discrimination of differ-
ent preparation procedures of the same pure state, which is
postulated in quantum mechanics to be impossible, will result
in signaling.
The association: Consider two parties, Alice (A) and Bob (B),
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FIG. 1: Two preparation procedures of the same state. We
consider a photonic set-up, where we denote the horizontal
and vertical polarization states as |0〉 and |1〉 respectively, and
|+〉 = 1√
2
(|0〉 + |1〉). The square boxes represent polarization
beam splitters, with their splitting ratios being indicated
below them in the figure. The two panels correspond to the
two preparation procedures. In both the panels, the input is
from the left, and is the state |+〉. In the upper panel, the
vertical final output is discarded, while the state in the
horizontal final output channel is |ψαβ = α|0〉 + β|1〉, where α
and β are complex numbers, and |α|2 + |β|2 = 1. In the lower
panel, the set-up is otherwise the same, but there are two
Hadamard gates inserted, denoted in the figure as rectangular
boxes with “H” written on them. Again, the vertical final
output is disposed of, and the horizontal final output is in the
state |ψγδ = γ|+〉 + δ|−〉, where α, β, γ, δ are so chosen that
α|0〉 + β|1〉 = γ|+〉 + δ|−〉.
sharing a pure state,
|Φ〉AB = 1√
2
(
|ψαβ〉A|0〉B + |ψγδ〉A|1〉B
)
, (1)
of two spin-1/2 quantum particles, where
|ψαβ〉 = α|0〉 + β|1〉 (2)
is an expansion of the pure spin-1/2 quantum state |ψ〉A in the
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σz basis, and
|ψγδ〉 = γ|+〉 + δ|−〉 (3)
is an expansion of the same state |ψ〉A in the σx basis. The two
different representations, |ψαβ〉 and |ψγδ〉, are used to imply
that they are prepared differently, as shown in Fig. 1. |0〉 and
|1〉 of Bob’s system are again eigenstates of σz. All kets and
bras in this manuscript are normalized to unity, unless stated
otherwise. The state, |Φ〉AB, is equivalent to the product (un-
entangled) state |ψ〉A⊗|+〉B. A potential preparation schematic
is presented in Fig. 2.
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FIG. 2: Schematic potential preparation procedure for the
state |Φ〉AB. The state, |Φ〉AB, given in Eq. (1), can in
principle be prepared by a machine, M, whose arms on the
right represents a qubit, spanned by |0〉B and |1〉B, and is in
possession of Bob. The output on the right of M are in
possession of Alice. The lower arm on the left represents the
preparation procedure of the quantum state |ψ〉 via the
method presented in upper panel in Fig. 1. Parallely, the
upper arm on the left represents that via the method presented
in lower panel in Fig. 1. Similar to that in, say type-I
spontaneous parametric down conversion [17], upper and
lower arms respectively on the right and left are correlated,
and coherently superposes with instances when the lower and
upper arms fire respectively on the right and left.
Let us now assume that Alice has a machine that distin-
guishes between the two preparation procedures, |ψαβ〉 and
|ψγδ〉, of the same pure state |ψ〉A. Note that the evolution
(action of the distinguishing machine) is not quantum. But it
is assumed that after its application on a situation, it returns
some situation of the same physical system. And these situ-
ations are still represented by quantum states. Alice and Bob
are in two separate locations, say a distance (d) apart, and have
had their clocks syncronized. It has also been decided that if it
rains at time, t0, at Alice’s location, Alice will apply her ma-
chine to her part of the shared state. She won’t do anything
if it doesn’t rain. It takes at least a time dc for light to travel
from Alice’s location to Bob’s, where c is the speed of light in
vacuum. A measurement at Bob’s end, say at t0 + d/2c, on his
part of the shared state, will reveal whether or not Alice had
applied her machine. Indeed, suppose that the distinguishing
protocol runs by implementing the transformations
|ψαβ〉A|0〉A1 → cαβ|ψαβ〉AA1 ,
|ψγδ〉A|0〉A1 → cγδ|ψγδ〉AA1 , (4)
where, for the success of the distinguishing protocol of Al-
ice, we must have |〈ψαβ|ψγδ〉| , 1. cαβ and cγδ are arbitrary
nonzero complex numbers. A1 is an auxiliary machine sys-
tem at Alice’s laboratory. Assuming linearity of the machine
– non-linear evolutions are already known to typically lead to
signaling [2, 4–9] – we find that the shared state of the two
laboratories (consisting of A, A1, and B), after the action of
Alice’s machine given by Eq. (4), is the unnormalized state
1√
2
(
cαβ|ψαβ〉AA1 |0〉B + cγδ|ψγδ〉AA1 |1〉B
)
. (5)
If |〈ψαβ|ψγδ〉| , 1, this state will be entangled [18], in the
AA1:B partition, i.e., it cannot be expressed as c˜|χAA1〉|χB〉,
where c˜ is a complex number, and |χAA1〉 and |χB〉 are vec-
tors in the Hilbert spaces corresponding to AA1 and B respec-
tively. Consequently, the local state at Bob’s (as well as Al-
ice’s) end will possess a nonzero von Neumann entropy, where
the von Neumann entropy of a density matrix σ is given by
−tr(σ log2 σ). This is the situation if it rained at Alice’s lo-
cation at time t0. If it didn’t, then Alice will not apply the
machine corresponding to Eq. (4), and consequently, the von
Neumann entropy at Bob’s (and Alice’s) end will be vanish-
ing, since Bob’s state is then pure. To find the von Neumann
entropy at Bob’s end, Bob can perform a tomography of his
part of the shared state, for which we need to assume that
there existed several copies of the shared state, and Alice ap-
plied the transformation (4), separately, on all copies if it did
rain at time t0. The tomography was performed by Bob at
t0 + d/2c. The value of the von Neumann entropy of Bob’s
state indicates whether it rained or not at Alice’s location. We
therefore find that the assumption of the possibility of distin-
guishing between |ψαβ〉 and |ψγδ〉 leads to the signaling, i.e.,
superluminal transfer of classical information.
Suppose now that Alice is able to apply a transformation
that only probabilistically (i.e., sometimes) provides her with
the possibility of distinguishing between the two superposi-
tions |ψαβ〉 and |ψγδ〉. If that probability is p, then the transfor-
mation (4) needs to be replaced by one that implements [19]
|ψαβ〉A|0〉A1 → c˜αβ
(√
p|ψαβ〉AA1 +
√
1 − p|χαβ〉AA1
)
≡ c˜αβ|ψ˜αβ〉,
|ψγδ〉A|0〉A1 → c˜γδ
(√
p|ψγδ〉AA1 +
√
1 − p|χγδ〉AA1
)
≡ c˜γδ|ψ˜γδ〉,
(6)
where the projector onto the span of |ψαβ〉 and |ψγδ〉 is orthog-
onal to that onto the span of |χαβ〉 and |χγδ〉. c˜αβ and c˜γδ are
arbitrary nonzero complex numbers. The relative phases on
the right-hand-sides of (6) have been absorbed in the defini-
tions of |χαβ〉 and |χγδ〉. For the transformation (6) to offer
a probabilistic protocol of distinguishing between |ψαβ〉 and
|ψγδ〉, one must have |〈ψαβ|ψγδ〉| strictly less than unity. In that
case, the modulus of the inner product of the normalized por-
tions in the right-hand-sides of the transformation (6) can be
iii
bounded above strictly by unity:
|〈ψ˜αβ|ψ˜γδ〉| ≤ p|〈ψαβ|ψγδ〉| + (1 − p)|〈χαβ|χγδ〉|
≤ p|〈ψαβ|ψγδ〉| + (1 − p) < 1.
The first inequality follows from the fact that |a + b| ≤ |a|+ |b|
for complex numbers a and b. The second one follows by
using |〈χαβ|χγδ〉| ≤ 1. The third (strict) inequality follows from
the fact that as |〈ψαβ|ψγδ〉| < 1, and that p , 0. Even this
possibility of distinguishing between the states |ψαβ〉 and |ψγδ〉
with some probability leads to signaling. To see this, apply the
transformation (6) to the state |Φ〉AB|0〉A1 to find that although
it is a product state, in the AA1 : B partition, before application
of the transformation, it becomes entangled after. The post-
transformation state is given by
1√
2
(
c˜αβ|ψ˜αβ〉AA1 |0〉B + c˜γδ|ψ˜γδ〉AA1 |1〉B
)
, (7)
which is entangled by virtue of the fact that |〈ψ˜αβ|ψ˜γδ〉| < 1,
which in turn follows from the assumption that the states |ψαβ〉
and |ψγδ〉 are probabilistically distinguishable.
Conclusion: It is postulated in quantum mechanics that differ-
ent preparation procedures of the same pure state cannot be
discriminated. Assuming that a physical situation is always
represented by a quantum state, it is shown that the existence
of a machine that can discriminate between two preparation
procedures of the state leads to signaling.
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